Abstract. Coste and Roy defined in [2] a structural sheaf on the real Zariski spectrum of a semi-real ring A and asked whether the ring of global sections is
Introduction
By a ring we mean a commutative with identity. Let A be a semi-real ring. The real Zariski spectrum of A denoted by Spec R (A) is a topological space whose underlying set is the set of all real prime ideals of A and its topology is described as follows. Let I be an ideal of A, we define V (I) as the set all real prime ideals p of A with p ⊇ I. We have Now for a semi-real ring A, Coste and Roy defined a sheaf of rings O Spec R (A) on the real Zariski spectrum Spec R (A) as follows [2] . For an open U ⊆ Spec R (A), O Spec R (A) (U ) consists of all functions s : U → p∈Spec R (A) A p , satisfying the following two conditions 1 . Firstly for all p ∈ U we have s(p) ∈ A p , secondly for each p ∈ U there is a neighborhood U p of p in U and also a, f ∈ A such that for all q ∈ U p we have f / ∈ q and s(q) = a f ∈ A q . For
by the restriction of functions. Let X = Spec R (A) and p ∈ X, it is easily seen that there is a canonical isomorphism O X,p ∼ = A p . We denote by Σ 1 the multiplicative subset
Obviously if A is a semi-real ring, then Σ 1 = ∅ and if A a real ring, then Σ f = ∅. Now we are able to state Coste and Roy's question.
Question 1.2 ([2], Page 48). Do we have
We show in Theorem 2.3 that the canonical homomorphism from
is always injective and in the case of A being a real ring is surjective. Hence an isomorphism. We don't know whether this is the case for every semi-real ring. We shall make several use of the abstract version of the real Nullstellensatz. . Let A be a commutative ring and I an ideal of A. Then
I, called the real radical of I, is the intersection of all real prime ideals containing I (or is A itself if there is no real prime ideal containing I). Notation 1.4. For the sake simplicity we often denote a sum of squares by x 2 , y 2 and the like. When we say that x 2 is a sum of square in A, we mean that there are n ∈ N, a 1 , . . . , a n in A such that
. In order to distinguish sums of squares we sometimes use superscripts, e.g., 1 x 2 , 2 x 2 , . . . , i x 2 . Also when there is no danger of confusion we use expressions such as f 2 x 2 = (xf ) 2 .
The ring of global sections
i∈I (f i ) and it follows that there are a 1 , . . . , a k in A and
thus D(f ) has a finite subcover. Now we will need the following useful lemma.
Lemma 2.2 (Basic Lemma
, then by quasi-compactness we can choose finitely many of D(g i ) covering D(f ).
Proof. We define a map ψ :
Obviously ψ is homomorphism. We first show that ψ is injective. Note that for injectivity we do not need A is real. Let ψ(
Let I be the annihilator of a(f 2m + y 2 ) − b(f 2n + x 2 ), then h ∈ I, h / ∈ p so I p. This holds for any p ∈ D(f ), so we conclude that V (I)∩D(f ) = Ø. Therefore f ∈ R √ I, thus there are k ∈ N and z 2 in A such that
Observing that (f 2k + z 2 ) ∈ f , we get
∈ p thus p I and this holds for any p ∈ D(g i g j ), therefore we have V (I) ∩ D(g i g j ) = Ø from which it follows that g i g j ∈ R √ I. So there are m ij ∈ N and ij x 2 in A such that
By reality of A we have
So taking m larger than all m ij we get (g i g j ) m (a i g j − a j g i ) = 0 for all i, j ∈ {1, . . . , n}. Rewriting as and furthermore, we have g i a j = g j a i for all i, j ∈ {1, . . . , n}. On the other hand having V ((f )) =
we get f ∈ R n i=1 (g i ) and it follows that there are b 1 , . . . , b k in A such that b 1 g 1 + · · · + b n g n = f 2k + x 2 for some k. Now let a = a 1 b 1 + · · · + a n b n . Then for each j we have
which means that a f 2k + x 2 = a j g j on D(g j ). So ψ( a f 2k + x 2 ) = s everywhere, which shows that ψ is surjective, hence an isomorphism.
